ABSTRACT: This paper attempts to shed some light on the two issues raised in the title: How many vibration modes does a real structure have? and Which of these modes are important? The author argues that the "absurd subspace" (all but the first billion modes) is not a strength of continuum modeling, but, in fact, a weakness. Partial differential equations are not real structures, only mathematical models. This paper also contends that the partial differential equation model and the finite-element model are. in fact. the same model. the latter being a numerical method for dealing with the former. Modes should be selected on dynamical grounds other than frequency alone.
Introduction
A "vibration mode" refers to a periodic motion that is physically possible in the absence of any external influence and in which the elastic displacement u(r, r) at position r and time f all move in unison: All displacements pass through zero simultaneously, and they all attain their maxima simultaneously. The concept of a vibration mode is. in fact, a mathematical concept and can be stated most precisely and succinctly in mathematical form: If a distribution of elastic displacements in the form u(r, 0 = cpW v(r) is autonomously possible, q(r) is called the "mode shape" and q(t) shows the time dependence shared by the elastic displacements at all points in the structure. It is clear from Eq. (I) that the idea of "mode shape" is a special case of the more general mathematical idea of "separation of variables."
Much of the following argument rests on the important distinction between a "real," Le., physical. structure and someone's mathematical model of that r e a l structure. This distinction is, of course. essential on a philosophical level. However, from a practical standpoint as well. there is an almost unlimited quantity of experimental data on the dynamics of real structures. and virtually none of this data agrees exactly with "theory." If one returns to the fundamental assumptions that underlie theory. it is apparent that a large number of idealizations are made. These assumptions and idealizations are normally reasonable and defensible. but collectively do constitute a well-documented case for distinguishing between the structure itself and its mathematical model.
Take. for example. what is arguably the simplest structure of all-the long, slender. uniform, cantilevered rod. This "structure" is shown in Fig. l(a) . [Its cousin. the "tworod satellite," accompanies it in Fig. I(b) .] As is well known. the partial differential equation (PDE) and associated end conditions for the lateral displacements of the rod are:
where a dot and a prime indicate. respec- tively, the time and spatial derivatives, and the other symbols have their usual meaning.
Yet, the following idealizations must be made to amve at the Euler-Bernoulli equation (above) for this structure: (a) material continuum. (b) perfectly elastic material. (c) stress proportional to strain.
(d) infinitesimally small deflections. (e) perfectly cantilevered root, (f) negligible rotational inertia, and (g) negligible shear deflections. This list is undoubtedly incomplete but amply long enough already to demonstrate that properties of the PDE (2) will not likely be exactly the same as the corresponding properties of acrual long. slender. uniform. cantilevered rods. Experimental evidence tends to support this expectation.
There is no doubt that the PDE (2) has modes of the form of Fq. (1). and that it has an infinite number of such modes. The question at issue is whether real rods also possess these properties. To state that a real structure has an infinite number of modes is, on reflection. to state an absurdity. How can a structure have more modes than it has rnolecules, or. for that matter, than there are molecules in the known universe? What does a frequency of w = Hz mean? Does it mean. among other things. that particles in the structure move faster than the speed of light?
Perhaps the reader may believe that when someone asserts that a structure has an infinite number of modes. all the assertor really means is that the structure has a very large (but finite) number of modes. Not so. in the author's experience. The infinite modes assertion is often made at technical meetings to an audience that includes individuals familiar wjith structural models that contain thousands of modes. To make the assertion to such an audience clearly means that thousands of modes are not enough (in the assertor's opinion): nothing less than infinity will do. Yet it is clear that the assertion is wrong. on the grounds of physical impossibility.
How Many Modes Are There?
If a physical structure does not have an infinite number of modes. how many vibra-tion modes does it have? The most precise (but not very helpful) answer is: "none." As an approximation, the mathematical concept of a "mode" is still very useful; however. This is especially true for the lower modes. On the other hand, as one goes higher and higher in mode number (past the hundredth mode, say, or the thousandth) the mathematical idea of a mode tends to become increasingly inappropriate until, somewhere well this side of infinity, it is wholly inappropriate.
To emphasize this idea, the following definition is introduced in connection with mode shapes as a set of basis functions: The absurd subspace associated with a PDE idealization of a structure will be defined as the subspace spanned by all but the first billion modes. All PDE structural models have an absurd subspace. This absurb subspace is a flaw in these models, but not an important one (unless glorified by the assertion). In fact, the greatest practical advantage of modal analysis-that the analyst can expand the general motion of a complex structure approximately in terms of a few important characteristic submotions-is lost if an infinite number of modes is insisted upon.
When one is engaged in developing a general theory of structures, one is not concerned primarily by the necessity of generating numerical information. For example, it may suffice to say that the small deflection u(r, r) is related to the excitation f(r, t ) via an appropriate operator X ; i.e.,
where u is the mass density. X is a symmetric, 3 X 3, partial differential stiffness operator. Assuming that rigid displacements are prevented (as in Fig. 2), X is positive definite. The mode shapes for Eq. (3) satisfy Xrpm(r) = &rp,(r) (4) and the orthonormality conditions are 1, q R ( r ) (PJ(r)dm = 6,fi (5) where dm = u(r)dV. For a system that desewes to be called a "structure," there will be an infinite number of eigenfunctions (mode shapes). However, as shown above, the real structure that Eq. (3) represents does not share this "infinite modes" characteristic.
The modal coefficients of momentum and angular momentum (about 0) are defined as follows:
It can be shown that the modal identities in the first column of the (5) or the C y in the table can be performed with the stroke of a pen.
Unfortunately, engineers dealing with specific space structures require numerical data, not just elegant theoretical results.
One classical method for dealing with PDEs similar to Eq. (3) is to expand the solution in terms of a series of functions that are defined? named: examined, cataloged, and expounded upon. Usually, these functions are not especially easy to calculate. Even worse is to define the solution of Eq.
(3) in terms of a difficult integral. This "solution" (as mathematicians sometimes call it) is, in practical terms, often just another mathematically equivalent way of stating the problem. Even the functions sin, cos, sinh, and cosh, which make up the well-known solution for the vibration modes of the simple rod in Fig. l would not likely be much help in numerical calculations. Frustrated by their difficulties in formulating PDEs for complex structures. and their further difficulties in extracting numerical information from these PDEs once they have them. structural analysts began to divide complicated structures (on paper) into small elements. Each of these elements could be analyzed and numerical data of the required accuracy extracted relatively easily. Initially. this approach rested for its justification on physical understanding, but applied mathematicians (e.g.. 121) have since shown that, if properly used. this finite-element method (FEM) model is. in fact. an ingenious implementation of the much older method of Ritz. A FEM model. therefore, enjoys the same theoretical foundations as the Ritz method. In particular. the conditions for convergence are known. This convergence is to the so-called "exact" solution, that is, to the elusive solution of the PDE model. which has the same modeling assumptions as the FEM.
This property of convergence is highly desirable and can often be used to advantagein connection with the identities of the table. for example. But in our celebmion of this convergence to the "exact" solution, we should not overlook the fact that the exact solution is exact for the PDE model only. It is not exact for the actual structure, because the PDE model is not exact for the actual structure.
This raises the following question: How much does an "error" of (say) 1 percent in FEM convergence matter when this e m r is with respect to an equation that is itself only valid to within (say) 10 percent? Yet. it is the first sort of error, no matter how small (and it can be made as small as desired by using sufficient finite elements), that seems to be the chief concern of the infinite mode assertors. They do not trust the FEM model because it fails to predict the absurd subspace, as defined in the second section. In the author's opinion, however, this "failure" is trivial and should, if anything. be counted as a point in the FEM model's favor because the absurd subspace does not exist physically anyway.
Thus, although the FEM and PDE models are often treated as though they were competing alternatives, they are. in an important sense, the same model. The FEM model should be viewed as a numerical treatment of a corresponding PDE model. FEM models circumvent the formulational and computational difficulties of their PDE counterpart models, while at the same time provide a numerical approximation to the latter that can 24 be made arbitrarily accurate. If enough modeling elements are used, the error due to a finite number of coordinates can always be restricted to an absurd subspace. The strength of the FEM model is that a structural analyst can do numerical calculations for complicated structures; the weakness of the FEM model is that it can never be better than the associated PDE model to which it converges.
Uses and Abuses of Long Slender Rods
A long, slender. uniform. cantilevered rod appears in Fig. 1 , and its PDE model is given by Eq. (2). The attraction of this "structure" is its simplicity, which makes it ideal as a learning tool. It provides a simple example for students being intmduced to structural dynamics. For much the same reasons, it is often used by structural dynamicists in explaining new ideas to colleagues. Moreover. many satellites have rodlike appendages; in such cases. the closed-form characteristics of cantilevered rods (summarized in Appendix A and the table) have direct practical utility.
Nevertheless, because of its seductive simplicity, the slender rod structure tends to be focused upon more often than its limited range of application would warrant. In fact, the infinite modes assertion is often a consequence of slender rod overemphasis. If all the structures in the world were long slender rods, there certainly would be no need for the finite-element method. at least not for structures.
As a prelude to addressing the question "Which modes are important?" we shall ourselves use the long slender rod as a convenient starting point. Then, in the next section. a more realistic (and complicated) structure will be discussed. The notation and results in Appendix A will be taken for granted here.
The modal identities of the table can be used as indicators of the e m r introduced into a structural model by modal truncationl i.e., e m r with respect to the "exact" PDE r e g resentation, which is, as we have said repeatedly, not to be trusted too far itself. The modal parameters p a and h, are shown for the first few modes in Fig. 3 . It is evident that they decrease monotonically with mode (see last entry in the table). This error indicator takes both momentum coefficients and frequencies into account, and is thus a more plausible measure of model error than E , or e2. The index e3 recognizes that, other things being equal ("other things" in this case being pQ and ha), the low-frequency modes are more important than the high-frequency modes. If one desired to have a maximum model error of 1 percent-for example, as measured by +-only the first mode should be retained and the rest deleted.
Large Deployable Space Reflector
Long, slender, uniform. cantilevered rods are useful in teaching certain basic lessons, but some of these lessons are not true for more general structures. Therefore, we now consider a typical space structure of current interest-a large deployable space reflector. Shown in Fig. 5 is the wrap-rib antenna reflector developed by the Lockheed Missiles and Space Company [3] . A FEM model has been developed for this reflector by the Jet Propulsion Laboratory [4] , and a typical mode shape, taken from [4] , is shown in Fig.  6 .
This model has several complexities that a simple rod does not have. The first is that a PDE model is very difficult, and this leads Mode number, a to the use of a FEM model. The second complexity is three-dimensionality. For e x mple, the model momentum coefficients p, and the modal angular momentum coefficients h, are no longer scalars, but are 3 x 1.
A Criterion for Mode Selection
A more subtle distinction behveen the wrap-rib reflector and the slender rod is that simple modal truncation becomes generalized to a process that is more accurately called Inode selection. A glance back at Fig.  3 [5] . [6] ) for mode selection. and the ones that rely solely on the structural dynamics are those that depend on w,, pa, and h,.
We can, for example, take the first three modal identities in the table. These three matrix identities correspond to 18 (independent) scalar identities. To create a single scalar indicator of how well these 18 identities are being satisfied, it is observed that they may be written as numbers between 0 and 1. The greatest of these six numbers is defined to be the error
E.MI(1V).
The error E :~, ( N ) is plotted in Fig. 7 for data typical of a wrap-rib reflector with 48 ribs and 34.4 m in diameter. Even after 42 modes, ~~~~ ( 4 2 ) = 0.66. This slow convergence prompts the following comments.
(a) In the model used, some of the higherwave-number modes have already been deleted. However, it is not expected that they would contribute materiaily to E,,,.
(This is. in fact. why they were deleted.) t b ) Just because the E,%,(:V) vs. :V curve is "flat," it does not mean that intermediate modes are not making a positive contribution. This behavior simply means that they are not contributing to reducing the maximum eigenvalue of the matrix in Eq. (12).
(c) A more detailed examination of the six eigenvalues of the matrix in Eq. (12) discloses that it is the Crp,p,' = m l identity that is slow to converge. This is in accordance with the slow convergence of p , for the slender rod in Fig. 3 . The socalled "breathing" modes for the wraprib reflector are few and far between; yet, it is these modes that must produce convergence in the (3,3) element of C;Ppop,' = m l .
A Better Criterion
Obviously, the error criterion (12) is excessively harsh. It is counterintuitive that a 42-mode model can have a 66-percent error. A primary cause of the problem is that the criterion (12) does not take the frequencies w, into account. One of the messages in this - Fig. 6 . Typical wrap-rib mode shape Eq. (12) must be positive definite for finite paper is that frequency is not the only pa-(from [4] ).
AT. Thus. its eigenvalues will be six real rameter of importance in modal selection.
However, it would be equally unwise to exclude w, entirely, as Eq. (12) does. Therefore, we consider instead the last three modal identities in the table. These identities may be combined into the single 6 X 6 identity. 
have been used. The modal identity (13) suggests the following model error indicator:
This indicator is patterned after Eq. (12) and is plotted in Fig. 8 . According to this indicator, if an error of only 2.5 percent were the most that could be tolerated in the model. the first 28 modes should be kept. There is, however, a hidden premise in this last procedure, namely, that the modes must be selected in their natural order, i.e., by increasing frequency. This premise is not valid, and this procedure is not optimal. Figure 3 shows that, for a slender rod, p , and h, decrease monotonically with a: as do p % l w i , k?,lw:, etc. Thus, although for a slender rod, all methods of ordering modes produce the same order-the "natural" order-for more complex structures, this is no longer true. The error indicator in Eq. (16a) can therefore be improved-Le., fewer modes required for the same model accu- as might be assumed at first sight.
As can be inferred from Fig. 9 , p , certainly does not decrease monotonically with a. This would suggest that the reordering of modes required by Eq. (16b) should be beneficial. The second plot in Fig. 8 shows that this is indeed the case. In fact, only 9 modes are now needed to give a 2.5-percent errora saving of 19 modes (and a reduction in system order by 38) over the previous unreordered scheme. Evidently, this type of mode selection can be, for complex structures, far superior to simple modal truncation.
Concluding Remarks
In summary, the main points discussed in this paper are the following: model. (e) The idea of a "mode" is, in essence, a mathematical one. It is highly unlikely that any real structure can vibrate exactly so that all its points move in unison; in other words, it is highly unlikely that any real structure has any modes. As an approximation, however, the idea of a mode is an excellent one for many structures, especially for the "lower modes. '' The agreement between experiment and theory for the "higher modes" tends to become weaker. rod has a simplicity that is at once helpful and dangerous. It is a reasonable structure on which to explain or to test a new idea, but the validation or generalization of the idea must be carried out on structures of more realistic complexity. (i) Many "error indices" can be defined as guidelines for structural model order reduction. Simple modal truncation, although suggested by experience with slender rods, is naive. The proper process is mode selection, based on an appropriate error criterion.
(j) The e m r criterion in Eq. (12) is unnecessarily pessimistic, because it ignores the frequency information. It is as naive as a "frequencies-only" criterion, but at the opposite extreme.
(k) The error criterion in Eq. (16b) is superior to the one in Eq. (12), especially if the modes are selected according to the order specified by Eq. (17). This is illustrated for a wrap-rib antenna reflector in Fig. 8 .
In conclusion, it must also be mentioned that the modal analysis and model order reduction ideas discussed here are those appropriate to an elastic structure. If further structural information is known (damping is an important example). further modes may be deleted from the model. And, if the structure is to be controlled with an active control system whose basic characteristics (e.g., bandwidth) are known.
still further reductions in model order are possible.
Appendix A: Long Slender Rod
The well-known solution to Eq. where pa and h, are the coefficients given (in general) by E q . (6) . For our present simple structure.
Therefore, the modal identities in the first column of the table. which assume the special form shown in the second column for a slender rod, imply the identities shown in the third column of the table. Note that the sums involve an infinitude of transcendental numbers.
Appendix B: The Flexibility Operator
The "stiffness operator" X. . for 0 I .Y I .$ I I
These formulas permit the calculations involving F(rl 6) in the table to be made for a rod.
